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1 Introduction 

The superconformal formulation of supergravity (SUGRA) is a powerful and systematic 
method for constructing various SUGRA actions [H [21 [3l H]. Most of the known off-shell 
SUGRA actions are reproduced by this formulation. It has also been extended to the five- 
dimensional (5D) case [5, £j, which is useful to discuss the brane- world scenario based on 
general 5D SUGRA. Although the actions are obtained in a systematic way, their explicit 
expressions are lengthy and awkward due to a number of auxiliary fields. Especially the 
couplings between the matter and the SUGRA fields {i.e., the vierbein, the gravitino, etc.) 
are complicated. 

Linearized supergravity [3 [8] is easier to deal with because it is described in terms of 
superfields on the ordinary superspace. It is powerful for some calculations because the 
ordinary superfield techniques are applicable just as in the global supersymmetry (SUSY) 
case. An extension to 5D case for the minimal set-up was done in Ref. [9], and it makes 
it possible to calculate the SUGRA loop contributions in the 5D brane- world models |10] . 
keeping the A^ = 1 SUSY off-shell structure. On the other hand, we cannot use this 
formalism for calculations beyond the linearized order in the SUGRA fields. The full 
SUGRA formulation, such as the superconformal formulation, is necessary for them. 

Therefore it will be useful to combine the two formulations in a complementary man- 
ner. In fact, it is pointed out in Ref. [71 18] that the linearized SUGRA transformations 
contain some of the superconformal transformations at the linearized level. Although both 
formulations are self-consistent, an explicit relation between them has not been provided 
so far. This is the main obstacle to the complementary use of them. 

In this paper, we will modify the linearized SUGRA formulation and provide a com- 
plete identification of component fields in each superfield with fields in the superconformal 
formulation developed in Ref. |1] . This identification also provides a basis for an extension 
to higher- dimensional SUGRA. 

The paper is organized as follows. In Sec. [21 we consider superfield transformations 
which are identified with the linearized superconformal transformations. In Sec. [3l we 
translate such transformation laws into those for component fields, and identify the fields 
and the transformation parameters with those in the superconformal formulation of Ref. |4]. 
In Sec. [H we construct the invariant action formulae in terms of the superfields, which are 
consistent with those in Ref. |1]. Sec. [5] is devoted to the summary. In Appendix [Al we 
provide explicit component expressions of some superfields in the text, and in Appendix [Bl 
we collect the invariant action formulae in Ref. [1] in our notations. 



2 Superfield transformations 

In this section, we consider the transformation laws of A^ = 1 superfields. We assume 
that the background geometry is a flat 4D Minkowski spacetime. Basically we use the 
spinor notations of Ref. [n|, except for the metric and the spinor derivatives. We take the 
background metric as 77^,^ = (1, —1, —1, —1) so as to match it to that of Ref. |1], and we 
define the spinor derivatives D^ and Da as 

D. ^ ^-^{^'0)J,, Da ^ - J- +^(^^^).5., (2.1) 

which satisfy [Da, Da} = 2icr^^5^1l| 

2.1 Super-diffeomorphism 

We begin with a brief review of the formulation developed in Ref. P] . (A compact review 
is also provided in Ref. 0.) First we consider the super-diffeomorphism transformation 
acting on a chiral superfield $. It is expressed as 

5^ = A'^Da^ + A'^d^^, (2.2) 

where A" and A^ are a spinor and a vector superfields, respectively. We require that this 
transformation 6 preserves the chiral condition, 

Da<^ = 0. (2.3) 

Then we obtain 

DaS^ = DaA'^Da^ + (-2zA"<. + DaA^") 9^$ = 0. (2.4) 

We have used 02.31) . Thus we find that 

r)^A" = 0, -2zAXa + ^c.A'^ = 0. (2.5) 

The most general solution to these conditions can be parametrized by 

A" = --D'^L", Af" = -ia^D^L" - Qf", (2.6) 



^ In the notation of Ref. [TT], the spmor derivatives satisfy {Da, Da} — ~2iCT^^9^. Then, the (global) 
SUSY generators Qa and Qa, which anticommute with Da and Da, satisfy {Qa,Qa} — '^i'^aa^t^- This 
leads to the SUSY algebra with an opposite sign to the usual one. (See Chapter IV of Ref. pT|.) 



where L° is a general complex spinor superfield and Q'^ is a chiral superfield. In terms of 
L" and Q^, the transformation of a chiral superfield $ is rewritten aq^ 

= -^D^ (L^I^a^) - f^''9^$. (2.7) 

Similarly, we can find the transformation acting on an anti-chiral superfield $ as 

= ~D^ [Lo^D^^) - n^9^$. (2.8) 

This preserves the anti-chiral condition D^^ = 0. 

Next we consider the transformation of a product of a chiral and an anti-chiral su- 
perfields $i and $2. In order to define the transformation acting on the product that is 
consistent with (12. 7p and (12.81) . we introduce a real superfield Lf^ that transforms inhomo- 
geneously as 

^U^ = l<a {D^L" - D'^L") - ^ (fi'^ - ^^) , (2.9) 

and insert it into the product as 

$2$i ^ V(<l2$i) = $2 (1 + iU^ d^) $1, (2.10) 

where A d^i B = Ad^B — (df^A)B. As we will see in the next section, U^ contains the 
SUGRA fields. The inserted product V($2$i) transforms as 

SV{^2^i) = S^2^i + «$2(5f/^ ^^^ $1 + $25$i 

= l-^D^L'^D^ - \d^UD^ - ^<. [D^L^ + D"L^) d,-]^ (fi'' + fi^) d\ ($2*1) 

= l-^-D'^L'^D^ - i «^5"L" + n^) d, + h.c.j V(<l2$i). (2.11) 

Here and henceforth, we neglect the [/'^-dependent terms in the right-hand sides of the 
transformation laws because they are irrelevant to an invariance of the action at the lin- 
earized order in U^. A general superfield has the same transformation law as (12.111) . Note 
that this law preserves the reality condition. 



^ We keep both L" and H.'^ as the transformation parameters while the latter is set to zero in Ref. [9]. 
In our formulation, the degrees of freedom in ff^ will be eliminated by the constraints p.Sp or absorbed 
into ^i in ([3 



p 


M 


Q 




translation 


local Lorentz 


SUSY 




D 


U{1)a 


s 


K 


dilatation 


R-symmetry 


conformal SUSY 


conformal boost 



Table I: 4D A^ = 1 superconformal transformations 

2.2 Superconformal transformations 

It is mentioned in Ref. ^ that the transformation 6 discussed in the previous subsection 
contain some of the superconformal transformations in addition to the super-Poincare 
ones. (The 4D A^ = 1 superconformal transformations are listed in Table [H) However it 
is unclear how those transformations are related to those of Ref. [1]. For example, the 
(^-transformation law of the conformal compensator superfield is essentially different from 
that of a matter chiral superfield [9] . On the other hand, they transform in the same way in 
the superconformal formulation [3], except for the Weyl weight w and the chiral weight n, 
which are the charges of D and U{1)a- 

In order to incorporate these weights explicitly into the superfield transformations, we 
modify the transformation acting on a general superfield "$ as 



(5sc^ = 5^ + (tf + n) A^ + (u; - n) A^, (2.12) 

where w and n are the Weyl and the chiral weights of \E'Jj and A is a chiral superfield to be 
determined later. (See eq. (l3.13p .) This modified transformation 6sc preserves the (anti-) 
chiral condition or the reality condition, and satisfy the Leibniz rule since both weights are 
additive quantum numbers. Because w = n and w = —n for a chiral and an anti-chiral 
superfields $ and $, (12. 7p and ( 12. Sp are modified as 



4c$ = l-^D^L'^D^ - {larD^L'^ + fi^) d^ + 2wh\ $, 



5sr.$ 



-D^L^D'' - [la'^^^D^L'^ + n^) d,, + 2u;A U 



(2.13) 



A real general superfield V {i.e., n = Q) transforms as 



4c^ = <! —D'^L'^D^ - i (za^ D"L" + n^) d^ + wk + h.c. |> V. (2.14) 



The Weyl and the chiral weights of a superfield denote those of the lowest component in the superfield. 



The transformation of U^ does not change from fl2.9p . 

'^sct/^ = l<a [D^L'^ - D'^L") -'-{^'- ^') . (2.15) 

The manner of inserting the connection superfield f/^ in fl2.10p is generahzed to a 
product of arbitrary superfields \l/i, \l/2, ■ ■ ■ , \l/n as 

^1^2 ■ ■ ■ ^n -> V(^l^2 ■ ■ ■ ^„) = (l + tW'd^) (^1^2 ■ ■ • ^n) , (2.16) 

where 



df, = < 



d^ (on chiral superfields) 

(on general superfields) (2.17) 

—d/^i (on anti-chiral superfields) 
Then the transformation 6sc acts on this product as 

4cV(^i^2 ■ ■ ■ ^n) = l-^D^L'^D^ - i «^5"L- + n^) a^ + h.c. 

+ {w + n)A + {w-n)A}V (^1^2 ■ ■ ■ ^„) , (2.18) 

where w and ra are the Weyl and the chiral weights for the product \E'i\E'2 ■ ■ ■ ^n- Notice 
that V defined in fl2.16p is regarded as an embedding into a general superfield. 

3 Identification of component fields 

3.1 SUGRA multiplet and transformation parameters 

Now we will see the transformation laws for component fields. First we consider the 
connection superfields U/j,, whose components are defined as 

u^ = u^ + Oxl + Ox'i + e\^ + e^a^ + {Oa^e) ~e,^ + e^ {e^^) + e'' (^4) + ^'^"c?^. (s-i) 

where u^, e,^^ and d^ are real. Note that Cj,^ is neither symmetric nor anti-sjTiimetric for 
the indices. The transformation parameter superfields are expanded as 

La = L + eav + (a^'^e)^ w^, - ^ {cr^e)^^^ + e\^ + eh^ + e^ [i^^a^e) 

(^/^ = cj^ + ^c^ + e^F^ - 1 [Oa^e) d^u" - -e^ {Oa^d^^) - je^e^n^uf", (3.2) 

6 



where n^ = rj'^^df^d,,, and Wfj_u and X^^ are real anti-symmetric, while the others are com- 
plex. The transformation laws for the component fields of If^ are read off from fl2.15p 
as 

5,J^ = -U^^, + -^e^^^'P^dApr - ^04^, (3.3) 

where the subscript R and I denote the real and imaginary parts, respectively. By using 
the freedom of Vt^, we can set 

u^ = Xl^ = a'^ = 0. (3.4) 

This is analogous to the Wess-Zumino gauge for a gauge superfield. This gauge is preserved 
if the transformation parameters satisfy the following relations. 

F^ = 2m^ + d^'v - d^w''" + -e'^'P^d^Wpr. (3.5) 

We further impose an additional condition, 

e^ = 0. (3.6) 

Then the transformation laws for the residual symmetries reduce to 

Sscd^ = -\d^^i + -^t^^'P^dXr. (3.7) 

where 

^I = ?I - '^R) 

p" = p" + 1 {d,r]^a'^aT + l^.r- (3.8) 

o o 



In fact, we can identify ^i^, e^, X^u, fR, "~f '/'i and pa with the transformation parameters 
for P, Q, M, D, U{1)a and S, respectively. They are also expressed as 

1 ^. 



er = -Re (^CT^ D"L° + fi^) 1^ , 6- = --D'L 







^jiu 



--Re[{a^,);'D^D^L^ 



--ifi = Im ( — V'D^L 



~a 



(^R = Re ( -D'^D^L^ 



1 



32 



(3.9) 



where the symbol |o denotes the lowest component of a superfield. 

With the above identification of the parameters, the transformations in (13. 7p agree with 
those for the Weyl multiplet in Ref. [B], which corresponds to the SUGRA multiplet, if we 
specify the components of If^ as 



s M 



6 ^ 



4 4 



pTI 



(3.10) 







where e^-, ?/^^ and A^ are the vierbein, the gravitino and the U{1)a gauge fieldo Namely, 
Cj^p is the fluctuation of the vierbein since {cy-) = 6^,^, and the (linearized) transformation 
laws of ipfj, and A^ are given by [6] 



Sscipf^a = <9^e„ + i {(T^p)^ , SscA^ = --df,(pi. 



(3.11) 



In the subsequent subsections, we compare the transformation laws for component 
fields in each superfield with those in the superconformal formulation [4J , and identify the 
component fields. The transformation laws in Ref. |1] are compactly summarized in Sec. 3 
of Ref. [6] . Hence we basically use the notations of Ref. p] as the component fields in each 
multiplet. 



3.2 Chiral multiplet 

Now we consider the transformation laws of a chiral superfield $. In this subsection, we 

•p-iea^e. (Recall our definition of D^ in (El]).) Then, 



work in the chiral coordinate y^ 
it is expanded as 



$ 



+ ex + e^F. 



(3.12) 



The U{1)a gauge field A^ is an auxiliary field [4]. 



Focusing on terms proportional to the Weyl weight in the transformation laws in Ref. [6], 
the chiral superfield A in fl2.13p is identified. We find that A cannot be expressed by only 
L" and fi^. A choice of A = — ^D^D^Lq, reproduces the correct U{1)a transformation, 
but there are extra terms for other superconformal transformations. Fortunately such extra 
terms are summarized in the form of a chiral superfield. Thus there exists a choice of A 
that realizes the correct superconformal transformations for a chiral multiplet. It is given 
by 

A = -^{D'D'^L^ + AE), (3.13) 



where 



-4^R + d^^n + 86 (p- '-a^a^d^Ti^ + h3^l\ + 2ie^d, L^ - '-d^^v^ . (3.14) 



Then, the transformation laws of the component fields are read off as 



Ir 



SscXa = ^^d,Xa + ^K^ {(r^'x)a + 2e.F - 2i {a^t)^ d, 



fj.'i 



2 

+ ( w + - j (^uXa ~ 3 ( ^ ~ 2 ) ^^^" " ^'^P"^' 
SscF = ^^d^F - tea^d^x + {w + I) <^rF - ^{w - 3) ip^F + 2{w - 1) px- (3.15) 

These transformations agree with those in Ref. [6]. 

Let us comment on a chiral superfield $ in the full superspace integral J d'^6. Unlike 
the global SUSY case, moving the bases from the chiral coordinate y^ to the original one x^ 
is not enough. In fact, $ must appear in the form of 

V{^) = {l + iU^d^)^. (3.16) 

This is regarded as the embedding of the chiral multiplet into a general multiplet as men- 
tioned below (I2.18p . The embedded superfield has the following components. 

+i¥ [er) d^ct> - \bW [g^"'d^d,<p + 2#^9^x - 4^rf^9^0} , (3.17) 



//J 
and the metric, respectively. 



where (e ^) J^ = 6 J^ — e J^ and g^'^ = t]^^ — e^^ — e"^ are the inverse matrices of the vierbein 



3.3 Real general multiplet 

Next we consider a real general superfield V. From (I2.14p with (I3.13p . its transformation 
law is given by 

6,,V = l-^D'L'^D^ - ^ (2a^5"L" + fi^) d, - ^ [D^D'^L^ + 4S) + li.c. W. (3.18) 

Each component of V is defined as 

V = c' + i9C - i9C - e^n' - Pn' - (Oa'^e) b'^ + id'^ {ex') - %¥ {9\') + -dWD\ (3.19) 

where C", B' and D' are real. By expanding fl3.18p in terms of the components, we obtain 
their transformation laws. They do not agree with the transformation laws in Ref. |6j as 
is. To reproduce the latter laws, we need to redefine the components as 

C = C , Cq, = ^^, 1-1 = 1-1, 

— — w 

D = D' + -g^-'d^d^C + ix'cx^tP^ - -dXa^a'^ij^ - id.CV - —C'cr^'d,^^ + h.c. j 

- (2# - ^A'^) B'^. (3.20) 

The explicit form of V in terms of these redefined components is shown in ( 1A.3I) . Then we 
obtain 

+ ( W + 2 ) VliCa + 2 V^lCa + 2iwpaC, 

5,M = i^d^n - ie\ - ea^S^C + (^ + 1) <^rH + i^iH -i{w-2) pC, 
SscBf, = lldyB^ + X^yB"" - iea^X - iea^^X - td^C, - td^C, 

4cA„ = I'^d.X^ + h,, (a^^A)^ + le^D - (a'^'^e)^ {d,B, - d,B^) + {w + ^^ VkK 

IIJJ — 1 _ _ _ 

+ Y<9/.<^R (^''0^ - ^ViK - iw (a^p)^ B^ + 2iwp^n + w (a^p)^ d^C, 
5,,D = I'^d^D + 2d^X^''d,C + {w + 2) (p^D + wd^^^d^C 

- {ea^a^A + 2iwpX + wpa^d^C, + h.c. } . (3.21) 
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These transformation laws agree with those in Ref. [6] at the hnearized leveljj except for 
the following two points. 

• The second term in 6scD is absent in Ref. [6]. However, this term is harmless when 
we consider the invariance of the action because D is the highest component and this 
term is a total derivative. 

• The terms proportional to i9^<^r in (5scAq, and 6scD also seem to be extra terms that 
are absent in Ref. P, at first glance. Actually, they indicate that the Z>-gauge field b^ 
is set to zero in our linearized SUGRA. Its superconformal transformation (at the 
linearized level) is 

4c&M = ^M<^R - 2^^M' (3-22) 

where ^Xfj. is the transformation parameter for K. Thus, keeping the condition b^ = 
requires ^K^i = ^d^ifii. In fact, after the replacement: 9^(^r — )■ 2C^k^i, (I3.2ip repro- 
duces the correct transformations. 

3.4 Gauge multiplet 

Here we consider a gauge multiplet, which corresponds to a real general multiplet with 
w = OU From f l3.2Up . such a real general superfield V is expressed as 

V = c + tec-iec- e^u - Pn - [Oa^'e] {e-^)J b^ 

+ I0W fjj _ }-g^-d,d,C + (-'-Xa^i^^ + d,Cr + h-c.) + 2d^B\ , (3.23) 

where 

B, ^ {5; + e/) B, - C.p, - Ci',^ (3.24) 

is interpreted as a gauge field. This definition of the gauge field is consistent with that of 
Ref. 0]. 

The gauge transformation can be defined just in a similar way to the global SUSY case 
as 

\/^\/ + V(S)+V(S), (3.25) 



^ The complex scalar % should be understood as i (iJ + iK) in the notation of Ref. [5] ■ 
^ We consider an abelian gauge multiplet for simplicity. An extension to the nonabelian case is straight- 
forward. 
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where S = 02 + Oxt. + 6'^Fs (in the coordinate y^ = x^ — iOa^O) is a chiral superfield. 
Note that S must be embedded into a general muhiplet by V in order to be added to V . 
We can move to the Wess-Zumino gauge by choosing E as 

Re0s = --C, XEa = -<a, Fj, = U. (3.26) 

In this gauge, V is written as 

\/wz = - (^a'^^) (e'')^" B', + i^^^ (^A - ii^^^B'^ - iO^O [x + i^^^B'^ 

+UW Id + (-^Aa'^^^ + \i.c\ + 2#5; 1 , (3.27) 

where B' = B^ — 29^Im0s is the gauge-transformed gauge field. We can move to this 
gauge only when w = 0. The set of the components [B'^, Aq, D] form a gauge multiplet in 
Ref. HE]. 

Next we construct a field strength superfield Wq that is gauge-invariant from the gauge 
superfield V. A naive definition of Wa, 

y^naive ^ _^f)2^^y^ ^3 28) 

is not invariant under (I3.25P . If we define 

X^(^l + ^U^4^[D^,D^]^V, (3.29) 

its gauge transformation becomes simpler, 

X^X + S + S. (3.30) 

Hence, —^D^DaX becomes gauge- invariant. However, this is not the only way to construct 
a gauge-invariant quantity. We can define the following quantity by adding the second term 
that is also gauge-invariant. 

W„ = -^D^D^X + cD^ (u^afD^D^D^V^ , (3.31) 

where c is a constant to be determined later. The second term in 03.3ip does not contribute 
to the lowest component, and we find that 

Wa = -^(x + le;a^a,x\ +0{9). (3.32) 
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This indicates that we have to multiply Wa by a superfield Z^^ = Sj^ — ^e^" {a'^a,y)J^ + 0{9) 
in order to obtain the desired field strength superfield whose lowest component is —iXa- The 
higher components of Z„^ and the constant c in fl3.3ip are determined so that Wa = Zj^Wp 
has the correct components. The result is 

W. = -\zfD' j/}^ {v + -U^aJ^ [D,,D^] V^ - hj^aj^ D^D.D.V^ 

= -\zfD^ \dpV + \DpU^a'p [D,, D^] V - lU^d.D^V^ , 

Zj' ^ Sf - h; {a^a^)J - (a^i) 6^, (3.33) 



2 ' \ y a 

where Z^^ is expressed in the chiral coordinate y^. Each component of Wq is calculated 



as 



W, = -iK + 9aD + t (a^^^O)^ (e-i)/ {e~')J F,r - &" {o^ (fi-^)/ vS\ ^ , (3.34) 



where 



{V.Xy ^[{d,- \^r<y.p + ^^.) a| + {a'^''ij,Y F^, + zr,D. (3.35) 

Here u J^'' is the spin connection, and expressed at the linearized level as 

1„ ,.„„ .„„. 1 



ujfP 



^d, {e^P - en + 2 [9" (V + ~e%) - d^ (e/ + e\) ] • (3.36) 



The field strength F^y and the covariant derivative V^X defined in (I3.35P agree with those 
in Ref. [6]. We have used the identification (l3.1Qp . 

4 Action formulae 

4.1 i^-term action formula 

First we consider the F-term invariant action, which consists of only chiral multiplets. It 
reduces to the chiral superspace integral in the global SUSY limit, 

Sf[W] = (d^x fd^e W + h.c, (4.1) 
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where W^ is a chiral superfield, which is referred to as the superpotential. From f l2.13p with 
( I3.13p . this transforms as 

6,,Sf[W] = jd\ fd^el-^D^ (L^'DaW) - n^'df.W - J {D^D'^L^ + 4S) w\ + h.c. 

= fd'^x fd^e l--D^D'' {L^W) - n^'df.W -Ew\ + h.c. 



fd^x (d'^e D" {L^w) - (d'^e (s - d^n^") w 



+ h.c.. (4.2) 



We have assumed that w = n = ?> for W . In the last equation, we performed the partial 
integrals. In order to make the action invariant, we introduce a chiral superfield £ whose 
transformation law is given by 



5,,£ = E- d^n^^ 



= (-4^R + 9^er) +8e(d- '-a^d,?j , (4.3) 

in the coordinate y^, and modify the action formula as 

Sf[W] = (d^x fd^e (l + ^W + h.c. (4.4) 

From (13. 7p and (14. 3p . we identify £ as 

^ = e/ - 0a^'4 = e/ - 2iea''i>^. (4.5) 

Therefore, the factor (1+^) in (14. 4p corresponds to the chiral density multiplet in Ref. |lljJ1 

The action 5'i?[iy] is now invariant under 6sc at the linearized level. Note that it is 

invariant only when the Weyl weight of VT is 3. This is consistent with the F-term action 

formula in Ref. |1], which is shown in fIB.ip in our notations. We can explicitly see that 



f lOj) reproduces f IB.ip . 



4.2 D-term action formula 



Next we consider the D-term invariant action. It reduces to the full superspace integral in 
the global SUSY limit H 

Sf^[K] = 2 fd^x fd^e K, (4.6) 



Note that det (e^-) = 1 + e^ at the Hnearized level. 

The factor 2 is necessary to match the normalization of the D-term action formula in Ref. [1] . 
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where i^ is a real general superfield, which is referred to as the Kahler potential. From 
(I2.14P with f l3.13p . this transforms as 

_^(52D"L„ + 4H)+h.c.}ir (4.7) 

= 2 jd'x jd'e I ^-^D^D-L^ - ^ [lard^^D^L^ - d,^^) - |h + h.c. W, 

where w is the Weyl weight of K. We have performed the partial integral in the second 
equality. Here we define a real scalar superfield Ei from the connection superfield U^ as 

E,^hj^;^[D^,D^]U^. (4.8) 

Then it transforms as 

5,,E, = -^D^D^L^ + ^a^.d^D^L'^ - i^^fi^ + h.c. (4.9) 

By using Ei and S defined in (14. 5p . we modify the action formula as 

Sd[K] = 2 fd^x jd^e [i + ^{e^+8 + 1^\k, (4.10) 

so that its transformation becomes 



5,,Sd[K] = 2 d'^x d^e ^ ——D'D'^L^ + — ^S + h.c. ^ K. (4.11) 

Therefore, S'^if-ft"] is now (5sc- invariant when w = 2, and can be identified with the D-term 
action formula in Ref. |1], which is shown in (IB.2P in our notations. Since the prefactor of 
K in (14.101) is expanded as (see flA.Sp ) 

1 + i (Ei + ^~ + I) = 1 + g/ + 0{e'), (4.12) 

this corresponds to the density multiplet in the full superspace [H] . We can explicitly show 
that (I4.10p reproduces (]B.2p . except for the kinetic terms for the SUGRA fields, which will 
be discussed in Sec. 14. 4[ 

4.3 Absorption of chiral density superfield 

Notice that the "chiral density superfield" £ defined in (14. 5 p is redundant because it cannot 
be expressed in terms of If^ and the SUGRA fields are already contained in the latter. In 
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fact, we can eliminate 8 from the action formulae fl4.4p and fl4.10p by the following superfield 
redefinition. 



V 






(4.13) 



where $ and V are a chiral and a real general superfields, respectively. The redefined 
superfields transform as 

4c<l = [-\d^L^D^ - [larD^L'^ + fi^) 5^ - ^ (52d"L„ + 49^fi^) 1 1>, (4.14) 

Now the transformations are expressed only in terms of L" and fi^. In terms of these 
redefined superfields, the action formulae are expressed as 



Sp[w] = d^x (few + h.c. 



Sd [K] = 2 d*x dW {l + -Ei]K 



1^ 



= 2 Jd'^x Jd'9 (l + ^a^" [D^, D^] uA K. (4.15) 

As for the gauge kinetic term, the £^-dependence automatically cancels with another 
redundant superfield Z^^ in (I3.33P because 



Thus we obtain 

d^x fd^e {l + £][ -4W">V„ ) + h.c. 



a 



(4.16) 



4 



1. 



where 



W„ 



rf^x Id'^e ( — W"W„ I +h.c.. 



-D^ (d^V + ^/^.f/^'aj^ [/^;3, D^] V - lU^d.Dj^ 



4 V 4 

Note that V = V since the Weyl weight of the gauge superfield is zero 



(4.17) 



(4.18) 
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4.4 Kinetic terms for SUGRA fields 

Here we discuss the kinetic terms for the SUGRA superfield f/^'. In the superconformal 
formulation, the corresponding terms are contained in the D-term action formula in Ref. [1] 
as follows. (See eq. (IB.2p .) 



Sd[^] 



D + --- + J {R{u) + Ae^^P^ {^,(T,d,^p + h.c.) } 



(4.19) 



i 



where e is the determinant of the vierbein, R{u)) is the scalar curvature constructed from 
the spin connection, and Q = [C, ■ ■ ■ ,D] is a real general multiplet with the Weyl weight 2. 
The Einstein-Hilbert term is obtained by imposing the Z?-gauge fixing condition, C = 
Since the above kinetic terms are quadratic in the SUGRA fields, it seems that we need to 
extend the D-term action formula in (I4.15P as 

SdM = 2 fd^'x jd^e |l + ^ (^1 + E2) I h, (4.20) 

where E2 is quadratic in U^. The quadratic part E2 is specified by requiring the invariance 
of the action up to linear order in the SUGRA fields. However, information on higher order 
corrections to (14.91) and (I4.14p in the SUGRA fields is necessary for this procedure, which 
is beyond the linearized SUGRA. Fortunately, it is possible to extend (I4.15P to include 
the kinetic terms for U^ without information on the higher order corrections, as we will 
explain below. 

Recall that the SUGRA kinetic terms are proportional to the lowest component of fi, 
which will be set to a constant fio = — | after the D-gauge fixing. Thus we expand Vt as 

VL = nQ + VL, (4.21) 

and focus on -E'2^0 out of £'2^ in (I4.20p . Namely, we consider 

SdM = 2 jd^x fd'e Ul + ^E^ (Qo + ^) + ^^2^0] 

= 2 fd^x fd'9 l^E^Qo +(1 + ^E^ h\ , (4.22) 

as an extension of (14.150 . We have used a fact that Ei is a total derivative at the second 
equality. For example, when Cl is given by 

f2 = --||.c|V^/3^ (4.23) 



We have taken the unit of the Planck mass, A/pi = 1. 
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where K is quadratic in matter fields and (^c = 1 + ■ ■ ■ is a chiral compensator superfield, 
the action (14.221) is written as 

Soin] = jd\ j(fe 1-^2 +{l + ^e\ [k + --^Y (4.24) 

where the elhpsis denotes higher order terms. 

We require the action (I4.22p to be invariant up to hnear order in the SUGRA fields for 
r^o-dependent terms while up to zeroth order in the SUGRA fields for r2-dependent terms. 
Up to this order, 

jd^x jd^e 1^ (^sc^i) n + 4c^| = 0, (4.25) 

as shown in Sec. 14.21 Hence the variation of (I4.22p becomes 

4c^D[fi] = 2 jd^x jd^e 1^ (^sc^s) fio + ^^i^sc^l . (4.26) 

In order to discuss the invariance of the action up to the order under consideration, we 
only need a field- independent part of 5sc^- From (14.141) . it is read off as 

5sc^ = 4c^ = -^ {D^D'^L^ + Ad^n'' + h.c.) + ■ ■ ■ , (4.27) 

where the ellipsis denotes field-dependent terms. We have used that the Weyl weight of 
n is 2. Since the above field- independent part of 6sc^ is not affected by including higher 
order corrections in the SUGRA fields, the variation (I4.26P becomes 

S^^Soin] = 2 fd'x jd^e ^ |(5sc^2 - ^^1 [D^D'^L^ + Ad^n>^ + h.c.) I . (4.28) 

After some calculations, we can show that 

4c l-hj^D'^D^D^U^' + ^El - {d,U>'f\ = ^^1 {D^D'^L^ + Ad^n^ + h.c.) , (4.29) 

where total derivatives are dropped. Therefore, E2 is identified as 

E2 = -^U.D'^D'D^U^ + \eI - ]- {d.U^f . (4.30) 

lo D 2 

This has a similar form to the counterpart of Ref . ^ . The first term of the second line in 
(!422D with dOOjl is the kinetic terms for U^'. 

Finally we comment on the relation of the superfield action (14.220 to the component 
expression (I4.19p . In order to reproduce the quadratic part of the SUSY Einstein-Hilbert 
terms C^^ in (JB.Sp . we also need to count the SUGRA fields contained in the redefined 
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superfields, in addition to the kinetic terms for U^. By including higher order corrections 
in the SUGRA fields, the redefinition of a real general superfield in fl4.13p is extended as 

Q = {l + Yi + Y2)n = {l + Y^ + ¥2) (Qo + ^) , (4.31) 

where Yi = ^ iS + S) and Y2 is quadratic in the SUGRA fields. Thus, from ( I4.22p and 
f l4.3ip . the f2o-dependent part of the action is expressed as 

SdM = 2 fd^'x fd'e Qe2 + ^E,Y, + r^") fio + ■ ■ ■ , (4.32) 

where the ellipsis denotes terms beyond quadratic order in the SUGRA fields or depending 
on the matter fields. This corresponds to -Cq^ad ^^ (IB.3P . 



5 Summary 

We have modified the 4D A^ = 1 linearized SUGRA, and provided a complete identification 
of component fields in each superfield with fields in the superconformal formulation of 
SUGRA developed in Ref. [3j. The results of our work makes it possible to use both 
formulations in a complementary manner. 

In our modified linearized SUGRA, (anti-) chiral superfields and real general superfields 
should be understood as the redefined ones defined in (14.131) whose components are identi- 
fied with the fields in Ref. ^ through fl3A2D . (137791) . ^M) and g3D. The components of 
the connection superfield U^ are identified with the SUGRA fields in the Weyl-multiplet 
as fl3.10p . The invariant action formulae are expressed in terms of the redefined superfields 
as 

Sf[w] = fd^x fd^ew + h.c., 
Sn[n] = 2Jd'x jd'e |^^2 + (1 + ^^1) ^} , 
^™m = jd'^ jd'e f-^yv^Wa) + h.c, (5.1) 

where Ei and E2 are defined in (14. 8 p and (I4.30p . and the field strength superfield VVq, 
is defined in (I4.18p . Qq is a constant part of Cl, which is set to —3/2 for the canonically 
normalized SUGRA kinetic terms. In the D-term action formula, a chiral multiplet $ must 
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be embedded into a general multiplet. Such embedding is provided at the hnearized order 
in the SUGRA fields by 

V{^) = {l + tW'd^)^. (5.2) 

The gauge transformation of the gauge multiplet V is given by 

V ^V + V{±) + V{±), (5.3) 

where E is a chiral superfield. The field strength superfield Wa is invariant under this 
transformation. 

Our work will also be useful to discuss higher- dimensional SUGRA. When we consider 
it in the context of the brane- world scenario, it is convenient to express the action in terms 
of A^ = 1 superfields, keeping only A^ = 1 SUSY that remains unbroken at low energies 
manifest. The authors of Ref. [9] construct minimal version of 5D linearized SUGRA 
along this direction. Although their formulation is powerful to calculate SUGRA loop 
contributions and is self-consistent, it is not clear how the component fields are related to 
fields in other off-shell formulations of 5D SUGRA. Especially, it is obscure how to extend 
their result to more general 5D SUGRA. The superconformal formulation of 5D SUGRA 
has been developed in Refs. E] , and its A^ = 1 superfield description was provided in 
Ref. [T2t IT3] . Hence, by combining these results with our current work, it is possible to 
obtain the linearized SUGRA formulation of general 5D SUGRA. Furthermore, our work 
is a good starting point to construct an A^ = 1 description of 6D or higher-dimensional 
SUGRA because the linearized SUGRA formulation is based on the ordinary superspace 
and thus is easier to handle than the full supergravity. These issues are left for our future 
works. 
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A Component expressions 

Here we collect component expressions of some superfields appearing in the text. 
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The coefficient superfields of the differential operators in fl2.13p and f l2.14p are written 
as 

- ^D'L" = e" + ^e-^ - ^ {Ban'" Ku ' 2^'p" " ^ {^a^'d) ^/.e" 
ialJ)''L'' + fi'^ = -ef + 2%eGn^2%ea^t - % {9a J) L^""^ + A^'^ - S'ff + ^e^'^'A^r] 

~eWd, L^"^ + V" - i^^ef + ^e^'^^A,,') , (A.l) 

where (p = (^R + iy^i, A^i,, ^i and p° are defined in (I3.8p . An exphcit expression of A defined 
in (El is 



+ie^ {ea^d.p) - ^e'e'n, U^ - '-^,] . (a.2) 

We have taken the gauge (13.4p . 

For a real general multiplet [CXa,'H,Bfj_, Xa,D], each component is embedded into a 
real superfield that transforms by a law (12.141) as 

V = c + tec-tec- e^n - Pn - {ea^^e) [b^ - a,^ - c^^ - |ca^) 

+ ("-Aa^^,, - 2id,Ca^'''i^, + ^9^CV^^ + ^C^^'-^,^^ + h-c") | . (A.3) 
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'BPr\ 



The real superfield Ei defined in (14 .Sp is expressed as 

-26^ {edpij^) - 26^ {edp^^") + jOW (04^/ - 2d^d^e^''') . 
Thus the density superfield is calculated as 



(A.4) 



1 



l + -[E,+£ + £) = {l+ e/) + - [ea^^e) [A^ - t.^prd"" 



ZP-T\ 



1^2 {0 (2^M- + ^M^'') d^i,,} - ]f {6(27]'^'' + a>^an d.^P,} 



1 
12 



^^2 (n4g/ + 29^a,e^^) . 



(A.5) 



B Invariant action formulae 

Here we collect the invariant action formulae in Ref. |1] in our notations. For a chiral 
Hiultiplet $ = [(j), Xai F] with weight (w, n) = (3, 3), the F-term action formula is given by 

Sp[(l>] = = jd^x e{F- iij^a^x + h.c. + ■ ■ ■) 

^d^x { (1 + e/) F - i^^a^^x + h.c. + ■■■}, (B.l) 

where e = det (e^-) , and the ellipsis denotes terms beyond the linear order in the SUGRA 
fields. 

For a real general multiplet Vt = [C, Caj'H, 5^, A^, -D] with weights {w,n) = (2,0), the 
D-term action formula is given by 



SdM = d^xe 



d^x 



- Ai - - 

+ 1 {R{u) + 46^^"^ {^^.ard.^p - ^,ard.^,) } + ■■ 

( - M 

(1 + e/) D + U^a^\ + -C^a^^'d,^, + h.c. 



2C 



+ ^ (5"5.eV - n4ey) + £^G^ + ■ ■ 



(B.2) 
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where R{u) is the scalar curvature constructed from the spin connection, C = C — Qq 
where Qq is a constant to which C will be set by the D-gauge fixing. Thus C will vanish 
after the Z?-gauge fixing. The quadratic part in the SUGRA fields C^^^^ is given by 

+Ae^''^^ {tlj^ard.tfjp + h.c.)}, (B.3) 

where e(^^^) = | (e^;^ + e,^^), and the eUipsis denotes terms beyond the linear order in the 
SUGRA fields. 
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